This article studies a continuous non linear economic dynamics with a delay of a Kaldor type modified in dimension two. The important results of this study are on the one hand, the boundedness of solutions, the existence of an attractive set, the permanence of the system, on the other hand, the local and global stability of equilibrium points.
Introduction
The model we are investigating is a change in the Kaldor model which explains interactions between the GDP and the capital. Indeed, in order to enhance the resilience of this model, we have employed in [4] , two well-tested functions used during the study of population dynamics based on the predator-prey type. One of these functions is utilized as investment rate and the other as capital-saving ratio. Both functions give to Kaldor's model non-wastage of resources properties and reflect the diversification of the economy. The mathematical study of scheme of Kaldor modified shows that if this model is monitored, it ensures a sustainable development of GDP and capital.
This permanence of the two economic parameters appears in the form of either stationary or cyclical growth to prevent for a long-term a capital stock shortage or production (GDP) . Also, we demonstrate that, under certain conditions, the stability of economic system (relative to the capital and the GDP) is global which means it doesn't depend on neither capital stock nor production at the initial time.
Facing a possible disruption of any of economical system control parameters, we have analyzed in [5] the various changes of quantitative and qualitative status of the model. We have showed that it admits a transcritical bifurcation, a pichfork bifurcation or a hopf bifurcation according to the studied parameters. However, this model presents the drawback of being an instantaneous system which doesn't take into account the past phenomena likely to impact the GDP growth or capitals.
In this current paper, we are interested in the impact on the one side on the deadlines necessary to collect, secure and declare the funds such as savings from approved financial structures. On the other side, the time (average) of investments maturity for the economy dynamism.
The main results of this study is the global stability of an interior equilibrium point. There have been other achievements especially the system permanence and the local stability of equilibria points.
Presentation of the reduced model with delay
Let us consider the dynamics with no delay of modified the Kaldor type :
with (a 0 , C 0 , C 1 , C 2 , m 1 , m 2 , α) ∈ (R * + ) 7 and (a 1 , a 2 , b 1 , b 2 , ) ∈ (R + ) 5 . Y denotes the product, K the stock of capital,Ẏ andK indicate respectively the growth rate of the product and the stock of capital depending on the following economic parameters :
• a 0 the trend of rate of increase in GDP for a given (future) period in absence (or in neglect) of the losses,
• C 0 the maximum (monetary) value of GDP we can get from this economy for that given period,
• α the currency adjustment factor,
• m 1 the maximum (monetary) value of the genuine saving of this economy for the given period,
• C 1 the maximum (monetary) value of the saving supported by the economy in the given period,
• m 2 the maximum value of the investment rates losses for the given period,
• C 2 the maximum capital stock for the given period,
• a 1 the derivative relative to the capital of the investment rate in the absence (or in the neglect) of the losses (when m 2 = 0) for the given period,
• b 1 the investment rate when the capital is null (K = 0) and this rate has suffered no loss (m 2 = 0 ) for the given period,
• a 2 the share of the GDP converted into stock of capital for the given period,
• b 2 the accumulation rate of capital when the product is null (Y = 0) and that the investment rate has suffered no loss (m 2 = 0) for the given period.
(see [4] , page 4).
In order to have a more realistic model, we propose two types of delay :T 1 andT 2 infused simultaneously into the model (2.1).
The delayT 1 is infused into the function of the saving rate to justify the average of the deadlines necessary to collect, secure and declare the funds such as savings from approved financial structures. Indeed, a great number of savings (for example stored in domestic strong trunks (safe) or circulating in the tontine or the illegal exits of funds abroad) escape the formal financial regulation structures during a certain time. In addition, the private saving (of the companies and the households) consists of part of the profits (or/and) the wages. So, the saving at a given time t depends on the profits (or/and) the wages consequently, on the GDP at a given time t 0 = t −T 1 . One has the following assumption:
at a given time t depends on the GDP produced since t 0 = t −T 1 . One obtains the ratio saving-capital with delay :
Remark 2.1. At the level of ratio Saving-Capital,T 1 could be substitute by the delayT 3 characterizing the time required for the economy to ensure its self-financing.
Concerning the delayT 2 , it is infused into the function of the investment rate to justify the (average) delay of the investment maturity. Indeed, an investment at an initial time t 0 reaches its maturity at instant t = t 0 +T (s) 2
is the time of maturation of the investment s. For simplicity sake, we considerT 2 the the maturation times average for each investment started since t −T 2 . Then, the investment at t depends on the production level (GDP) at t −T 2 . As to the capital stock K(t), one can suppose that it is instantaneous during all the period. Indeed, its variation is already taken into account by the investment through capital accumulation rate and the maintaining of the production materials (
Thus, we have the following assumptions :
) at t becomes the investment rate with delay :
).
The capital accumulation rate
) at t becomes the capital accumulation rate with delay :
and g(Y, K, t,T 1 ), the system with no delay (2.1) becomes the following discrete delay system : 2 , and α are the constants of the system (2.1).
To facilitate qualitative study of the system (2.2) which possesses 14 parameters
14 , let's change the variables by reducing the number of parameters.
Let's define the new variables :
Let's define the new control parameters :
T 1 = a 0T1 and T 2 = a 0T2 . Then, the system (2.2) becomes :
10 . In the long run, we shall adopt the following notations :
3 Boundedness and equilibria points of (2.3) 
Proof :
Theorem 3.1. Let's assume that α 2 > δ.
) and γM * v
3) is bounded. Otherwies, the set defined by :
is a bounded set, positively invariant for model (2.3).
Proof : Let's consider the system (2.3) and the lemma 3.2. 
One has :
du dt
The case β 1 = 0 give the following result M * u = 1 + α 1 . (See the proof of theorem 6. of the article [4] ). Suppose 0 < β 1 < 4e
Then,
Hence,
Consequently,
and B 1 = 1+
. By the property (2) of lemma 3.2, one obtains
. So, the result.
One knows that :u
) . Therefore, applying the property (3) of lemma 3.2 one obtains lim inf
) .
One knows that :
According to the lemma 3.1 ,one has 0 ≤ u(t) and 0 ≤ v(t).
Remark 3.1. Let's consider the notations of the theorem 3.1 and the following assumption :
One remarks that the assumption (6) implies the condition (4).
Proposition 3.1. Let's consider the theorem 3.1 notations and posing:
Let's consider the following assumption :
Then, m * u > 0.
Proof : Let's consider the theorem 3.1 notations and suppose that α 2 > δ, 0 < β 1 < 4. One has :
. While undervaluing χ 0 (α 1 ), one obtains :
One knows that :
Consequently, m * u > 0 if the the assumptions (10)-(11) are verified.
The equilibria points of the model (2.3)
Points of trivial equilibria Proposition 3.2.
3) admits two points of trivial equilibria :
2. If α 2 > δ > 0 then, system (2.3) admits three points of trivial equilibria :
Points of interior equilibria
1. The system (2.3) does not admit any point of interior equilibria if (2.3) verifies the following relations :
Any interior equilibrium point
Proof :
We have E * 3 = (u * ; v * ) an interior equilibrium point of system (2.3). Then,
So, one obtains the same results like those of the model with no delay. Therefore, for the proof, see, Theorem 8. of [4] .
Local stability and permanence of model (2.3)
Let's consider the model (2.3). Posing :
The system linearized around the equilibrium point,
With
By Considering the delay T s like a parameter and T j like a variable for s, j ∈ {1, 2}, s+j = 3, the characteristic equation of (17) becomes :
where,
4.1 Local stability of model E * 0 , E * 1
We are in situations where Q Proof : Let's consider the formula [22-26].
The equation of
Then, E * 0 admits two eigenvalues λ 1 = α 2 − δ and λ 2 = (1 + α 1 ) > 0. So, the equilibrium E * 0 of the model (2.3) is unstable. 
One has
∆ (1) T 1 (x, T 2 ) = x 2 + b (1) x + c(
Local stability of E *
2 and E * 3
In this sub-section, one considers the following notations : (k = 2 and (j, s) = (1, 2)) or (k = 3 and (j, s) ∈ {(1, 2), (2, 1)}).
We are in the situation where Q (k)
j (x) = 0 . In order to assess the influence of delay T j , j = 1, 2 over the model (2.3) local stability , we use the results upon the local stability model obtained taking T j = 0 into model (2.3) and the results of [1] upon the local stability of the delay systems. Let us consider the characteristic equation (33).
j (x) don't have any common imaginary roots.
(ii) One has :
j (x) are polynomials with real coefficients so, P
(iv) One has :
Let's consider the function defined on R by :
It is noticed that the analysis of the system local stability with delay when Q 
1s ] 2 . 1. Let us suppose that one of the following conditions is checked :
where ω is a positive root of G (k)
Let us suppose that the conditions [31-32] are not checked and that |G
If there is n such as the equation Ψ n (ω) = 0 admits a positive solution ω 0 then, F
j (ω, T s ) admits ω 0 like positive root for all delay T s .
If m
does not admit any positive roots.
Proof :
1. We examine the cases where
In both cases a) and b) one obtains 
Let's pose R
. So, ωT s = ϕ + θ + 2nπ. Posing
If there is n such as the equation Ψ n (ω) = 0 admits a positive root ω 0 then, F
If m
the real part sign of a solution x for the characteristic equation
Ts (x, T j ) = 0.
Lemma 4.1. Let's consider x a solution of the characteristic equation
the associated delay certifying the following relation :
Let's assume that there is a delay T (k) j so that :
Let's pose :
One has :
. For x = iω, one has :
.
s cos(ωT s ). 
To study the stability of the equilibria points E * 2 and E * 3 , let us use the results of the theorem 2.1 of [1] and two following assumptions resulting from the stability conditions of the two equilibria points in the case without delay (see theorem 13, [4] ).
With,
Case where T j varies and T s is a parameter
Let us consider delays T j and T s such as T j ≥ 0 and T s ≥ 0. Let us vary T j and take T s as a parameter in the following cases : T s = 0 or T s > 0. By adopting the notations of the lemma 4.1, one has : 2. Let us suppose that (T s = 0 and η 0 < 0 ) or (T s > 0 and conditions 1. or 2. of proposition 4.1 are verified).
(ii) If the assumption (Hypo-k) is not verified then, the equilibrium E * k is unstable for all T j ∈ [0; +∞[.
Proof :
Let's consider the function F (k) j (ω, T s ) defined in relation to the formula [28-30] for any equilibrium point E * k with s, j ∈ {1, 2} such as s + j = 3.
a) Let us suppose that
2. Let us suppose that (T s = 0 and η 0 < 0 ) or (T s > 0 and conditions 1. or 2. of proposition 4.1 is verified). Then,
determined according to the lemma 4.1. Taking into account the conclusions of Theorem 2.1 from [1] , one obtains the stability of E * k .
Case where
where
Proposition 4.2. Let us consider the formulas [50-51].
1. If ε 1 ≥ 0 and ε 0 ≥ 0 then, F (ω) does not admit any positive root.
If ε
Proof : Let us consider the formulas [50-51]. One has :
2 − 4ε 0 the discriminant ofF (X). By examining the number of positive solutions, one obtains the required results.
Lemma 4.2. Let us consider the formulas [45-48] and x a root of ∆(x, T ). Let us consider ω 0 = ω(T * ) a positive root of F (ω) and T * associated delay which verify the following relation : S n (T * ) = 0 with S n (T * ) = T * − r n (T * ) where n ∈ N and
of [1]). One has :
dSn dT 2. Let's suppose that ε 0 < 0 and posing T * = T * 0 .
If
(i) If the assumption (Hypo-k) is verified then, the equilibrium E * k is stable if 0 ≤ T < T * and unstable if T * ≤ T.
(ii) If the assumption (Hypo-k) is not verified then, the equilibrium E * k is unstable for all T ∈ [0; +∞[.
Let us suppose that
(ii) If the assumption (Hypo-k) is not verified then, the equilibrium E * k is instable for all T ∈ [0; +∞[.
(i) If the assumption (Hypo-k) is verified then, the equilibrium E * k is stable if for all T ∈ [0; +∞[.
(ii) If the assumption (Hypo-k) is not verified then, the equilibrium E * k is unstable if 0 ≤ T < T * and stable if T * ≤ T.
Proof : Let's consider the function F (ω) defined in relation to the formula [50-51] for any point of equilibrium E * k with s, j ∈ {1, 2} such as s + j = 3.
1. If ε 1 ≥ 0 and ε 0 ≥ 0 then, F (ω) does not admit any positive root. So, there is no change of stability for equilibrium E * k . then, the trivial equilibrium E * 2 is unstable.
11 −x and Q 0 (x) =Ā (2) 11 . Then, ∆
22 = −(α 2 −δ) < 0 is a real eigenvalue associated to E * 2 . The other eigenvalue, λ 2 if it exists, is solution of the equation P 0 (x)+Q 0 (x)e −xT 1 = 0. One has P 0 (0)+Q 0 (0) = 0 because the assumption (53) is verified. One has F 0 (ω,
11 +Ā (2) 11 )(A
11 − A (2) 11 ) + ω 2 . One has: A (2) 11 −Ā (2) 11 > 0 and A (2) 11 +Ā 
. Let's suppose that the following assumptions are verified.
Then, the model (2.3) is permanent. Otherwies, the set defined by :
is a bounded set, positively invariant for model (2.3). 
Global stability of the model (2.3)
Theorem 5.1. Let's consider the Proposition 3.1 notations and suppose that the model is permanent then, the following assumptions are verified.
Then, for all T 1 and T 2 under a certain threshold, the unique interior equilibrium point E * 3 = (u * ; v * ) of the model(2.3) is globally and asymptotically stable.
Let's note :
On a :
Then, D + V 1 (τ ) ≤ (1 +M ) {(h 11 + h 13 + h 14 )|u − u * | + h 12 |v − v * |} . 
Let's consider the Lyapunov functional : L(τ ) = V 1 (τ ) + V 2 (τ ). Then, from the formulas (65) and (68), one obtains: if u(0) = 1.
• Interpretation: For the initial conditions (u 0 , v 0 ) = (2; 0.75), the GDP u, trajectory decreases until become stable around u * = 1.00350191780006. Concerning the capital, its curve increases slightly in a first time then, highly after the time T 1 = 40 till reaches the peak at t = T 2 = 50. After this period, the capital decreasis and get stable around v * = 1.48604643667666. The orbit which goes from (u 0 , v 0 ) converges towards the equilibrium point E * . So , E * 3
is globally stable as shown by the phase portrait of figure 6.1.
Conclusion
Our work had as a basic model the economic dynamics of Kaldor at effective growth rate, of which the saving rate is from the Holling -2 type and investment rate from Leslie-Gower type modified in dimension two. Considering on the one hand, the average of the deadlines necessary to collect, the secure and declare of the funds such as savings from the approved financial structures and on the other hand, the investments time (average) maturity, one obtains a model with delay of the Kaldor type modified. This model is bounded, admits an attractor unit (set), stable locally and globally under certain conditions (see Figure 6 .1).
The consideration of the delays (T 1 and T 2 ) can justify the bifurcation of the economic model of the stationary growth towards a cyclic growth (see theorem 4.2-2.a.i.) or theorem 4.3-2.i) or 3.a.i). However, this delay in the model can stabilize system equilibria initially unstable (see theorem 4.2-2.b.ii) or theorem 4.3-3.b.ii)). This represents a major economic interest since, it allows the economy to get rid of the risks resulting from the cyclic growth.
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